Abstract. The Game Theory is a good method for finding a compromise between two players in a bargaining problem. The Kalai and Smorodinsky (K-S) method is a solution the bargaining problem where players make decisions in order to maximize their own utility, with a cooperative approach. Interesting applications of the K-S method can be found in engineering multi-objective optimization problems, where two or more functions must be minimized. The aim of this paper is to develop an optimization algorithm aimed at rapidly finding the Kalai and Smorodinsky solution, where the objective functions are considered as players in a bargaining problem, avoiding the search for the Pareto front. The approach uses geometrical consideration in the space of the objective functions, starting from the knowledge of the so-called Utopia and Nadir points. An analytical solution is proposed and initially tested with a simple minimization problem based on a known mathematical function. Then, the algorithm is tested (thanks to a user friendly routine built-in the finite element code Forge®) for FEM optimization problem of a wire drawing operation, with the objective of minimizing the pulling force and the material damage. The results of the simulations are compared to previous works done with others methodologies.
Introduction
The Game Theory is one of the best methodologies for finding a compromise between two players in a bargaining problem, as defined by Nash [1] . Understandably, the game theory has been frequently used in social and economic studies, in order to find the best solution between two players, with many articles that improve or modify the Kalai and Smorodinsky method, e.g. [2] [3] . Two approaches can be used: cooperative and non-cooperative [4] . The Kalai and Smorodinsky solution allows to find a unique solution on the Pareto Front in bargaining problems, [1] . The Kalai and Smorodinsky solution can be found at the intersection of the Pareto Front with the straight line connecting the so-called Utopia and Nadir points (Fig. 1) . Some previous applications of the Kalai- Smorodinsky criterion in engineering problems can be found, where process or physical parameters play the bargaining game [6] [7] [8] [9] . In fact, in engineering, multi-objective optimization problems are very frequent. If the objective functions f 1 , f 2 , etc. are conflicting, then the solution is not unique; there is a set of optimal solutions that belong to the Pareto Front (PF). On the one hand, computing the entire PF is quite expensive (it requires solving a very large number of mono-objective optimization problems) and on the other hand it is not possible to objectively select one of these solutions so a delicate choice is left to the user. The Kalai and Smorodinsky solution provides an "objective" criterion to select only one unique point along the PF, which obeys some axioms: Pareto optimality, Symmetry, Invariance with respect to affine transformation utility, Monotonicity. The objective of this research is to apply the Kalai and Smorodinsky method in multi-objective optimization of metal forming problems, by considering the performances of the forming processes as the players of the bargaining game, expressed through objective functions. The proposed here method helps reducing the computational cost for finding the K-S point, because it does not explore the whole PF. The multi-objective optimization problem is transformed into a sequence of monoobjective optimizations. It will be shown how the K-S compromise well agrees with expert engineering choices on some previously studied metal forming optimization problems.
Methodological approach
The way to develop K-S algorithm reduces to defining the right functions to be minimized with the automatic optimization engine of Forge® (based on meta-model assisted evolution strategy [10] ). In this Section, a functional formulation to be minimized in order to quickly find a solution very close to the actual Kalai and Smorodinsky point is presented. The algorithm is a modification of a similar one described in [11] . The following functions must be first defined:
where x is the vector of the design variables, f x * , f x * are the coordinates of the Utopia point,
, f x * are the coordinates of the Nadir point. The x * and x * values can be obtained by singlefunction minimization of f x and f x . Then, the following functions can be defined:
Minimizing g 1 (x) and g x consists in successively and individually minimizing the normalised objective functions f x and f x . In order to find the K-S solution, the condition g x g x must hold, so the following third mono-objective function has finally to be minimised:
where a penalty coefficient "ρ" is used to enforce g x g x . If "ρ" is large, minimizing function (7) yields a reasonable localization of the K-S solution. To sum-up, a minimization
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Material Forming ESAFORM 2015 problem with 2 objective functions is reduced to the sequential minimization of three single objective functions, f 1 (x), f 2 (x) and g ρ (x), under some constraints, not reported for brevity (Fig. 2) .
Mathematical validation
The algorithm has been first applied for solving a problem based on a known mathematical function with 2 objective functions and 2 design variables to be minimised, proposed by Poloni et al [12] . Poloni's bi-objective minimization problem is formulated by equations (8) and formalized in terms of equation (7) as shown in equations (9) 
The minimization of the three objective functions (f 1 , f 2 and g ρ ) is done using the Optim-Engine of Forge®, an optimization algorithm based on evolution strategies assisted by meta-modelling [13] . The minimization has been performed within 100 iterations consisting of 25 generations. The computed Pareto Front (Fig. 3d) , as in reference [12] , is composed by 3 discontinuous zones, because the solutions domain of the POL problem represents a non-regular surface. The optimization algorithm allowed to find an interesting solution (the green K-S points in Fig. 3 ), in a particular region of the solutions space which is far from the minima of the individual objective functions f 1 and f 2 , and which, as a consequence, is not densely filled with evaluation points by single-objective optimizers (Fig. 3a and Fig. 3b) . In other words, the search for the K-S optimum, enforced by the minimization of g ρ (Fig. 3c) brings the solution towards a region which would have probably been neglected by the algorithm within the study of the stand-alone f 1 and f 2 functions.
Application on FEM simulation of wire-drawing process
In this Section, the Kalai and Smorodinsky method is used as a customised subroutine inside the FEM Software Forge®. In the wire-drawing process, the optimization of the die angle with respect to the pulling force is a very old metal forming problem which solution is known for years before current use of the finite element simulation; in case of law friction, the optimum angle is 6°. However, the engineering practice may show occurrences of wire damage resulting into failure, so damage is to be considered within the optimization as in [14] but this objective is conflicting with the pulling force: the smaller the die angle, the lower the damage, contrary to the pulling force which exhibits a minimum around 6°. Therefore, a compromise between these two objectives is to be found, for instance by analysing the Pareto front as in [14] where the authors suggest the value of 3.5° as a satisfactory compromise. It is so useful to investigate, in this case, the compromise value suggested by the K.S. approach. The simulation setup (Fig. 4) is composed by a long wire (or billet, in red), with initial radius R i = 9.5 mm, pulled through a die (Table 1) in order to reduce its section and increase its resistance. The optimization objective is to primarily minimize the pulling Force (F max ) and secondarily the maximum computed Damage (D max ) at the end of the wire-drawing process, with respect to the die angle α, which is the only process control variable, as highlighted by previous works that have shown that the die length has no significant impact on F max and D max [14] . The reference values of the parameters shown in Fig. 4 are given in Table 1 . The multi-objective optimization problem can be resumed as:
The wire is made of steel C72 which is modelled by the following constitutive law:
which values of the coefficients are: α 7.32 K 100.32 MPa n 0.13
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The Tresca law is used to model the frictional contact: τ m √ ; with m=0.02
where σ corresponds to the equivalent Von Mises stress. The used algorithm (Fig. 5 ) allows finding an acceptable solution within 20 iterations (Fig. 6 ), using a penalty coefficient ρ=1. In order to focus the results of Fig. 6 around the K-S point, only the solutions near the Pareto Front have been plotted (unplotted solutions have too large values to be represented). The value of the angle suggested by the algorithm is 2.5°, which is close to the angle of 3.5° suggested by T. Massé et al. [14] in a previous work. Another test case has been done considering the same wire-drawing minimization problem with two parameters, but the presentation of it has been omitted for brevity. The solutions found in these two minimization problems using the K-S paradigm are very close to the solutions already suggested in literature in which the Pareto Front is evaluated. So, these results are very encouraging for applying the K-S approach to engineering problems.
Conclusions
The K-S method for choosing a particular solution in multi-objectives problems has been presented. In economics, this solution is the one in which the players involved in a bargaining problem, can find the best compromise of their own utilities. In engineering, the players can be identified as process parameters, and the compromise can be considered as the optimum solution for a process development.
It so provides a very interesting method for finding, easily, the best bargaining solution between two and more players, by solving only few single objective problems. The found compromise belongs to the Pareto Front, without needing the complete evaluation of it, but computing the limit of the allowable solutions with the evaluation of Nadir point (worst ideal case) and Utopia point (best ideal case). The Kalai and Smorodinsky solutions computed for the two studied wire drawing engineering problems are very similar to the solutions suggested in literature by using engineering expertise. It so shows that the Kalai and Smorodinsky compromise can be quite close to the engineering one, and could therefore be systematically computed as an interesting suggestion for the engineer, particularly when multi-objective optimization implies more than two functions. The numerical solution found with Forge® is very promising to improve the optimization platform software, in order to integrate the methodologies ideas from economics theories for finding new interesting solutions to be discussed.
